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Abstract
We study the scaled Pythagorean-hodograph (PH) preserving mappings. These mappings make offset-rational isothermal surfaces
and map PH curves to PH curves. We present a method to produce a great number of the scaled PH preserving mappings. For an
application of the PH preserving mappings, we solve the Hermite interpolation problem for PH curves in the space.
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1. Introduction
In this paper, we study some polynomial (or rational) mappings from the plane R2 to the space R3, which preserve
Pythagorean-hodograph (PH) property on the curves.
Rational curves and surfaces with rational offsets are one of the most important topics in computer-aided geometric
design [12]. For polynomial curves with rational offsets, Farouki and Sakkalis introduced the PH curves in the planeR2,
as curves whose component functions are polynomials and having a polynomial as their speed [9]. The PH curves with
rational offsets are very useful in computer-aided design and manufacturing applications [1,3–5,8,10]. In [13], Ueda
studied rational spherical PH curves, which can be constructed as images of rational PH curves under the stereographic
projection. The stereographic projection, in this case, is a PH preserving mapping. Ueda also studied Enneper’s minimal
surface, which is an example of PH preserving isothermal surfaces [14].
In this paper, we deﬁne the scaled PH preserving mappings, which preserve PH property of PH curves. We also
make a great number of scaled PH preserving mappings. These mappings have some important properties: At ﬁrst,
as their deﬁnition, these mappings map PH curves into PH curves. Thus with some planar PH curves and scaled
PH preserving mappings, we obtain spatial PH curves. Second, the images of these mappings become offset-rational
isothermal surfaces. Thus, with some basic analytic functions of complex variable in Theorem 8, we make sufﬁciently
many offset-rational surfaces, whose component functions are polynomials.
As one of applications of the scaled PH preserving mappings, we solve the ﬁrst-order Hermite interpolation problem.
Farouki et al. [6] thoroughly studied the ﬁrst-order Hermite interpolation problem for spatial PH quintics. But for given
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Hermite data, their Hermite interpolants comprise, in general, a two-parameter family. Thus, in order to obtain a
good Hermite interpolant, in the sense that the shape measure of a curve must be as small as possible [6], these free
parameters should be ﬁxed. Farouki et al. [7] employed the quaternion representation of spatial PH curves, introduced
in [2], and chose helical PH quintics to ﬁx free parameters. In our approach, for given Hermite initial and ﬁnal points
p0 and p1 and derivatives d0 and d1, we obtain four scaled PH preserving mappings, whose image contain p0 and p1
and take d0 and d1 as their tangent vectors. These mappings are polynomial mappings of degree 3 in the sense that
their component functions are polynomials, whose maximum degree are 3. To obtain such mappings, we begin with
two analytic complex functions: one of degree 0 and the other of degree 1, and solve some constraint equations (see
Theorem 10). Then we obtain at most 16 polynomial Hermite interpolants by composition of the Hermite interpolants
for planar PH quintics [8] and these PH preserving mappings. Finally, we easily take the best one, which has minimal
shape measure, in these at most 16 polynomial Hermite interpolants [6].
The remainder of the paper is organized as follows. In Section 2, we give some basic deﬁnitions: PH curves and
PH preserving mappings. In Section 3, we deﬁne the scaled PH preserving mappings and study their properties. In
Section 4,we solveC1 Hermite interpolation problem for spatial PHpolynomial curves. In Section 5,wegive concluding
remarks including further studies for offset-rational surfaces.
2. PH preserving mappings
Let Rn be the Euclidean space of dimension n with n2. Let R[t] and R(t) be the set of polynomials with real
coefﬁcients and the set of rational functions, respectively. By a polynomial (or rational) curve in Rn, we mean a
curve r : R → Rn from the space of real numbers R to the Euclidean space Rn, whose component functions
x1(t), x2(t), . . . , xn(t) are members of R[t] (or R(t)).
Deﬁnition 1. A polynomial curve and a rational curve
r(t) = (x1(t), x2(t), . . . , xn(t))
in Rn are said to be Pythagorean if there are a polynomial and a rational function (t) such that
x1(t)
2 + x2(t)2 + · · · + xn(t)2 = (t)2,
respectively. A polynomial curve and a rational curve
r(t) = (x1(t), x2(t), . . . , xn(t))
are said to be PH if their velocity vectors or hodographs r′(t) = (x′1(t), . . . , x′n(t)) are Pythagorean, respectively.
We want to study a mapping  : Rn → Rm so that (r(t)) is PH for any PH rational curve r(t). Thus this mapping
 must be rational, i.e., its components are rational functions.
Deﬁnition 2. Let  : Rn → Rm be a rational mapping. The map  is said to be PH preserving if for every PH rational
curve r(t), (r(t)) is PH.
Example 3. Let S : R2 → R3 be the inverse of the stereographic projection, deﬁned by
S(u, v) =
(
2u
u2 + v2 + 1 ,
2v
u2 + v2 + 1 ,
u2 + v2 − 1
u2 + v2 + 1
)
.
Then, at (u, v), the differential map of S is expressed in the matrix
dS(u, v) =
(
2
u2 + v2 + 1
)2
·
⎛
⎜⎝
−u2 + v2 + 1 −2uv
−2uv (u2 − v2 + 1)
2u 2v
⎞
⎟⎠ .
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For every rational mapping r(t) = (u(t), v(t)) in R2, let S(r(t)) = ((t), (t), (t)). Then we have
′(t)2 + ′(t)2 + ′(t)2 =
(
2
u(t)2 + v(t)2 + 1
)2
· (u′(t)2 + v′(t)2).
Therefore, S is PH preserving.
3. Scaled PH preserving mappings
Now we consider some particular PH preserving mappings:
Deﬁnition 4. A rational mapping (u, v) = (x(u, v), y(u, v), z(u, v)) is called a scaled PH preserving mapping if,
for every rational curve r(t) = (u(t), v(t)), there is a rational function P(u, v) such that
′(t)2 + ′(t)2 + ′(t)2 = P(u, v)2 · (u′(t)2 + v′(t)2),
where ((t), (t), (t)) = (r(t)).
By the deﬁnition of the scaled PH preserving mappings, a scaled PH preserving mapping must be PH preserving.
Let (u, v) = (x(u, v), y(u, v), z(u, v)) be a rational map. We write the directional derivatives of  with respect to
u and v by
u(x, y) = (xu(u, v), yu(u, v), zu(u, v)),
v(x, y) = (xv(u, v), yv(u, v), zv(u, v)).
Then we have a geometric meaning for  being PH preserving.
Theorem 5. Let (u, v)= (x(u, v), y(u, v), z(u, v)) be a rational map. Then  is scaled PH preserving if and only if
‖u(u, v)‖2 = ‖v(u, v)‖2 = P(u, v)2,
u(u, v) · v(u, v) = 0 (1)
for some rational function P(u, v).
Proof. Let r(t) = (u(t), v(t)) be a rational curve on R2. We set s(t) = ((t), (t), (t)) = (r(t)). Since
′(t) = x
u
(r(t)) · du
dt
(t) + x
v
(r(t)) · dv
dt
(t),
′(t) = y
u
(r(t)) · du
dt
(t) + y
v
(r(t)) · dv
dt
(t),
′(t) = z
u
(r(t)) · du
dt
(t) + z
v
(r(t)) · dv
dt
(t),
we have
‖s(t)‖2 = ′(t)2 + ′(t)2 + ′(t)2
= (x2u + y2u + z2u) · u′(t)2 + (x2v + y2v + z2v) · v′(t)2 + 2(xu · xv + yu · yv + zu · zv) · u′(t) · v′(t). (2)
But, if (u, v) is a scaled PH preserving, then by its deﬁnition, we have
′(t)2 + ′(t)2 + ′(t)2 = P(u(t), v(t))2 · (u′(t)2 + v′(t)2) (3)
for some rational function P(u, v). For any point (a1, a2) and any vector (v1, v2) we can ﬁnd a rational curve r(t) =
(u(t), v(t)) such that r(0) = (a1, a2) and r′(0) = (v1, v2). Thus from (2) and (3) we obtain that (u, v) is a scaled PH
preserving mapping if and only if
x2u + y2u + z2u = x2v + y2v + z2v = P(u, v)2
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and
xu · xv + yu · yv + zu · zv = 0.
This completes the proof. 
Let
X(u, v) = xu(u, v) +
√−1xv(u, v),
Y (u, v) = yu(u, v) +
√−1yv(u, v),
Z(u, v) = zu(u, v) +
√−1zv(u, v).
Then since
X2 + Y 2 + Z2 = [x2u + y2u + z2u − x2v − y2v − z2v] + 2
√−1[xuxv + yuyv + zuzu],
(1) satisﬁes if and only if X(u, v)2 + Y (u, v)2 +Z(u, v)2 = 0 and x2u + y2u + z2u =P(u, v)2 for some rational function
P(u, v).
Corollary 6. Let (u, v)= (x(u, v), y(u, v), z(u, v)) be a rational map. Then  is scaled PH preserving if and only if
(xu(u, v) +
√−1xv(u, v))2 + (yu(u, v) +
√−1yv(u, v))2 + (zu(u, v) +
√−1zv(u, v))2 = 0,
and x2u + y2u + z2u = P(u, v)2 for some rational function P(u, v).
Lemma 7. Let a(u, v) and b(u, v) be differential functions on R2. Then the system of partial differential equations
fu = a and fv = b has solutions if and only if av = bu.
For a complex number w = u + √−1v (u, v: real numbers), its conjugate is denoted by w = u − √−1v. We can
ﬁnd many PH preserving mappings with complex polynomials:
Theorem 8. Let f (w) and g(w) be polynomials ofw=u+√−1v. Suppose that amapping(u, v)=(x(u, v), y(u, v),
z(u, v)) satisﬁes
xu +
√−1xv = 12 (f (w)2 + g(w)2),
yu +
√−1yv =
√−1
2
(f (w)2 − g(w)2),
zu +
√−1zv =
√−1 · f (w) · g(w). (4)
Then the mapping  is a scaled PH preserving mapping.
Proof. Since f 2, g2, and f · g are analytic, Cauchy–Riemann equation and Lemma 7 imply that such mapping 
exists. And since
(xu +
√−1xv)2 + (yu +
√−1yv)2 + (zu +
√−1zv)2 = (f
2 + g2)2
4
− (f
2 − g2)2
4
− (f · g)2 = 0,
it is enough to show that
x2u + y2u + z2u = P(u, v)2
for some rational function P(u, v). Let f1 = Re(f ), f2 = Im(f ), g1 = Re(g), and g2 = Im(g). Then since
xu = f
2
1 − f 22 + g21 − g22
2
,
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yu = f1f2 − g1g2,
zu = f1g2 + f2g1,
we have
x2u + y2u + z2u =
(
(f 21 + g21) + (f 22 + g22)
2
)2
.
This completes the proof. 
4. Hermite interpolation
In this section we invoke PH preserving mappings and the Hermite interpolations in the plane, in order to solve the
Hermite interpolations for PH polynomial curves in the space.
We have the Hermite data which consist of the end points p0, p1 and the end derivatives d0, d1:
p0 = (0, 0, 0), p1 = (1, 0, 0),
d0 = (d0x, d0y, d0z), d1 = (d1x, d1y, d1z).
Here, using some suitable translation and dilation, we always assume that p0 = (0, 0, 0) and p1 = (1, 0, 0). Now we
want to ﬁnd a suitable PH preserving mapping (u, v) = (x(u, v), y(u, v), z(u, v)), which satisﬁes
(0, 0) = (0, 0, 0), (1, 0) = (1, 0, 0),
d0 ⊥ u(0, 0) × v(0, 0),
d1 ⊥ u(1, 0) × v(1, 0). (5)
Here u and v denote the partial derivatives with respect to u and v, respectively.
We apply Theorem 8 with some f (w) and g(w) in order to obtain (u, v), which satisﬁes (5). By choosing suitable
integral constants , ,  in (6), we obtain (0, 0) = (0, 0, 0), and ﬁve equations are left in the constraints (5). We set
f (w)= a and g(w)= bw + c where a = a1 +
√−1a2, b and c = c1 +
√−1c2 are constants with a1, a2, b, c1, c2 ∈ R.
Here we must ﬁnd ﬁve real constants a1, a2, b, c1, c2, satisfying the ﬁve constraints in (5). Then we obtain
x(u, v) = b
2u3
6
− b
2uv2
2
+ bc1u
2
2
− bc2uv − bc1v
2
2
+ (a
2
1 − a22 + c21 − c22)u
2
− (a1a2 + c1c2)v + ,
y(u, v) = −b
2u2v
2
+ b
2v3
6
− bc2u
2
2
− bc1uv + bc2v
2
2
+ (a1a2 − c1c2)u + a
2
1 − a22 − c21 + c22
2
v + ,
z(u, v) = a2bu
2
2
+ a1buv − a2bv
2
2
+ (a1c2 + a2c1)u + (a1c1 − a2c2)v + , (6)
where , , and  are constant. From the constraints (5), we have = = = 0 and
b2
6
+ bc1
2
+ a
2
1
2
− a
2
2
2
+ c
2
1
2
− c
2
2
2
− 1 = 0,
−bc2
2
+ a1a2 − c1c2 = 0,
a2b
2
+ a1c2 + a2c1 = 0,
(c21 + c22 + a21 + a22)(2d0xc1a2 − 2d0yc1a1 − 2d0yc2a2 − 2d0xc2a1 − d0zc21 − d0zc22 + d0za21 + d0za22) = 0,
(b2 + 2bc1 + c21 + c22 + a21 + a22)(d1zb2 − 2d1xba2 + 2d1zbc1 + 2d1yba1 + 2d1yc2a2 + 2d1xc2a1
+ d1zc21 + d1zc22 − 2d1xa2c1 + 2d1ya1c1 − d1za21 − d1za22) = 0. (7)
222 G.-I. Kim, S. Lee / Journal of Computational and Applied Mathematics 216 (2008) 217–226
By setting a2 = c2 = 0, (6) becomes
x(u, v) = b
2u3
6
− b
2uv2
2
+ bcu
2
2
− bcv
2
2
+ (a
2 + c2)u
2
,
y(u, v) = −b
2u2v
2
+ b
2v3
6
− bcuv + (a
2 − c2)v
2
,
z(u, v) = abuv + acv, (8)
and (7) becomes
b2
6
+ bc
2
+ a
2
2
+ c
2
2
− 1 = 0,
(c2 + a2)(−2d0yca − d0zc2 + d0za2) = 0,
(b2 + 2bc + c2 + a2)(d1zb2 + 2d1zbc + 2d1yba + 2d1yac + d1zc2 − d1za2) = 0, (9)
where a = a1, b and c = c1 are real constants. Moreover, using some suitable rotation, we assume that
|d0z| |d0y |, |d1z| |d1y |.
Case 1: d0z = d0y = 0 and d1z = d1y = 0. In this case, (9) becomes
b2
6
+ bc
2
+ a
2
2
+ c
2
2
− 1 = 0.
Therefore, if b and c are any constants, which satisfy
(b + 32c)2 + 34c2 < 6,
then
a = ± 13
√
−3b2 − 9bc − 9c2 + 18.
Case 2: d0z 	= 0 and d1z = d1y = 0. In this case (9) become
b2
6
+ bc
2
+ a
2
2
+ c
2
2
− 1 = 0,
(a2 + c2)(−d0zc2 − 2d0yca + d0za2) = 0. (10)
If a = c = 0, then we have z(u, v) = 0. This contradicts d0z 	= 0. Therefore, we have a2 + c2 > 0. We set t = d0y/d0z.
Then from (10) we have c2 + 2tca − a2 = 0. Therefore we obtain
a = (t ±
√
t2 + 1)c.
And from (10) we have
b2
6
+ cb
2
+ a
2
2
+ c
2
2
− 1 = 0.
Therefore if −3c2 − 12a2 + 24> 0, then we obtain
b = − 32c ± 12
√
−3c2 − 12a2 + 24.
For the case of d1z 	= 0 and d0z = d0y = 0, by interchanging the end points, we apply the case above.
G.-I. Kim, S. Lee / Journal of Computational and Applied Mathematics 216 (2008) 217–226 223
Case 3: d0z 	= 0 and d1z 	= 0. If a = 0, then we have z(u, v) = 0. This contradicts d0z 	= 0. So we have that a 	= 0
and (9) becomes
b2
6
+ bc
2
+ a
2
2
+ c
2
2
− 1 = 0,
c2 + 2pca − a2 = 0,
(b + c)2 + 2q(b + c)a − a2 = 0, (11)
where p = d0y/d0z and q = d1y/d1z. From (11), we obtain
c = a, b = (− )a, a = ±
√
6√
2 + + 2 + 3
,
where =−p ±√p2 + 1, and =−q ±√q2 + 1. From the choices of a, , and , we may have eight PH preserving
mappings (u, v). But from (8), two choices of a produce the same mappings, so that we obtain at most four PH
preserving mappings.
Remark 9. In Cases 1 and 2, we can ﬁnd a plane, which contains the Hermite data. In other words, the points p0 and
p1 lie in this plane and the vectors d0 and d1 are tangential to the plane. In these cases, we can apply the Hermite
interpolation for plane PH curves on this plane. Therefore we focus on Case 3.
We summarize the above results:
Theorem 10. Let p0 = (0, 0, 0), p1 = (1, 0, 0), d0 = (d0x, d0y, d0z), and d1 = (d1x, d1y, d1z) be the Hermite data with
|d0z| |d0y |, |d1z| |d1y |, d0z 	= 0, and d1z 	= 0. Let
x(u, v) = b
2u3
6
− b
2uv2
2
+ bcu
2
2
− bcv
2
2
+ (a
2 + c2)u
2
,
y(u, v) = −b
2u2v
2
+ b
2v3
6
− bcuv + (a
2 − c2)v
2
,
z(u, v) = abuv + acv,
where
c = a, b = (− )a, a =
√
6√
2 + + 2 + 3
,
with
= −d0y
d0z
±
√(
d0y
d0z
)2
+ 1, = −d1y
d1z
±
√(
d1y
d1z
)2
+ 1.
Then the mappings (u, v)= (x(u, v), y(u, v), z(u, v)) are PH preserving mappings and produce the surfaces so that
the points p0 =(0, 0) and p1 =(1, 0) lie in these surfaces and the vectors d0 and d1 are tangential to the surfaces.
Now let (u, v) = (x(u, v), y(u, v), z(u, v)) be a PH preserving mapping of Theorem 10. Then we can ﬁnd the
vectors D0 = (D0u,D0v),D1 = (D1u,D1v) in the plane such that
D0u · u(0, 0) + D0v · v(0, 0) = d0,
D1u · u(1, 0) + D0v · v(1, 0) = d1.
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Fig. 1. Hermite interpolations.
For the Hermite data P0 = (0, 0), P1 = (1, 0), D0, and D1, we can ﬁnd at most four PH polynomial quintic curves
s(t) = (u(t), v(t)) such that
s(0) = P0, s(1) = P1, s′(0) = D0, s′(1) = D1
(see Appendix). Then since (u, v) is PH preserving, we have at most four PH polynomial curves r(t) = ( ◦ s)(t)
such that
r(0) = p0, r(1) = p1, r′(0) = d0, r′(1) = d1.
Since we have at most four such PH preserving mappings (u, v) of Theorem 10, we have at most 16 such PH
curves r(t).
Remark. Note that the practical processes to select suitable curves for the interpolation problem are done(performed)
on the plane with plane PH quintics for the reduced data and then the only left process to complete the spatial PH
interpolants for the original data is just the process mapping the selected curves onto the PH preserving surface already
determined by applying Theorem 10. So, even though each spatial interpolant which is ﬁnally achieved has high degree
since it is given just by the composition of a plane quintic and the PH preserving mapping, the degree of the interpolant
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is high merely in appearance and in substance, the shape of the interpolant separately and independently depends on
the shape of each planar PH quintic and the shape of the PH preserving surface, as shown in Example 11.
Finally, we consider the shape measure of a curves r(t):
E=
∫ 1
0
2‖r′(t)‖ dt ,
where = √2 + 	2 is the total curvature with the curvature  and the torsion 	 of the curve r(t) (see [6]). We know
that
= ‖r
′ × r′′‖
‖r′‖3 and 	=
(r′ × r′′) · r′′′
‖r′ × r′′‖2 .
For at most 16 PH curves r(t), we choose the best Hermite interpolant to have the minimum for its shape measure.
Example 11. Let p0 = (0, 0, 0) and p1 = (1, 0, 0) be the end points and let r0 = (0, 1, 1) and r1 = (0, 1,−1) be the
end hodographs for the Hermite interpolation. Then from Theorem 10 we have  = −1 ± √2 and  = 1 ± √2 and
obtain four PH preserving mappings (u, v)= (x(u, v), y(u, v), z(u, v)). For each PH preserving mappings, we have
four Hermite interpolants. See Fig. 1.
5. Conclusion
We deﬁne the scaled PH preserving mappings, and using some analytic functions of complex variable, we present a
bunch of these mappings. We also solve C1 Hermite interpolation problem for spatial PH polynomial curves. Actually,
for given C1 Hermite data, we just obtain some suitable scaled PH preserving mappings and apply the well-known C1
Hermite interpolants for planar PH polynomial curves.
For future research, we plan to invoke the scaled PH preserving mappings in order to design some polynomial or
rational surfaces, which have rational offsets.
Appendix
Let P0 = (P0u, P0v), D0 = (D0u,Div), and P1 = (P1u, P1v), D1 = (D1u,D1v) be data for the Hermite interpolation
in the plane. From [8,11] we always ﬁnd four solutions. The solutions are
s(t) =
5∑
k=0
qk
(5
k
)
(1 − t)5−ktk ,
where
q0 = P0, q1 = P0 + 15D0, q4 = P1 − 15D1, q5 = P1,
and
q2 = q1 + 15 (u0u1 − v0v1, u0v1 + u1v0),
q3 = q2 + 215 (u21 − v21, 2u1v1) + 115 (u0u2 − v0v2, u0v2 + u2v0).
Here, u0, u1, u2, v0, v1 and v2 are given by
(u0, v0) =
√
5
2
(√|q0| + x0, sign(y0)√|q0| − x0) ,
(u2, v2) = ±
√
5
2
(√|q4| + x4, sign(y4)√|q4| − x4) ,
(u1, v1) = −34 (u0 + u2, v0 + v0) ±
√
1
2
(√
d + a, sign(b)√d − a
)
,
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where q0 = (x0,y0),q4 = (x4,y4), a, b and d are deﬁned by
q0 = (x0,y0) = q1 − q0,
q4 = (x4,y4) = q5 − q4,
a = 916 (u20 − v20 + u22 − v22) + 58 (u0u2 − v0v2) + 152 (x4 − x1),
b = 98 (u0v0 + u2v2) + 58 (u0v2 + u2v0) + 152 (y4 − y1),
d =
√
a2 + b2.
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